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The computational scheme of multiscale modeling of 
semiconductor heterostructures is presented. Three scale 
levels are taken into account. On the atomic level the sys-
tem is described using crystallographic information and 
quantum-mechanical model. Ab initio modeling allows to 
determine electronic structure, define polarization effects 
and calculate charge densities on the interfaces between 
layers. Obtained information is used in the nanoscale lev-
el model for the calculation of the charge carriers distri-
bution in the heterostructure. At this level mathematical 
model contains the system of conjugated Schrödinger and 

Poisson equations. The carriers density distribution over 
the lateral direction of the multilayered structure and 
2DEG localization  are of the most interest at this point. 
This data is used in the next scale level model where 
electron mobility is calculated. Wide range of electron 
scattering mechanisms are taken into account during this 
calculation. This approach was applied to model 2DEG 
in AlGaN/AlN/GaN heterostructures. The good agree-
ment between calculated values of interface charge densi-
ty, 2DEG electron concentration, electron mobility and 
known experimental data was achieved. 
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1 Introduction The tendency of miniaturization of 
device dimensions as well as maximization of charge car-
riers concentration with maximum mobility is the modern 
trend of the high-frequency semiconductor technics devel-
opment. For that purpose multilayered nanoscale hetero-
structures with two-dimensional electronic gas are used. 
The main factors affecting the origin of carriers transport 
channels (2DEG) in the vicinity of heterointerface are the 
concentration of dopants in the barrier layer and the pres-
ence of the surface charge on the interface. Latter is typical 
for wurtzite structures and is determined by spontaneous 
and piezoelectric polarization.  

There were a lot of papers on mathematical modeling 
of heterostructures. The detailed description of various 
computational aspects of carrier concentration and mobili-
ty simulation can be found in [1-5]. The analysis of known 
theoretical and experimental data shows the importance of 
taking into account various factors on different scale levels 
such as lattice mismatch between layers, spontaneous and 
piezoelectric polarization, conduction bands shifts, barrier 
layer doping, interface roughness, ets. This is the reason of 

the significance of interrelated consideration of various ef-
fects on different scale levels which is the topic of the pre-
sent paper. 

2 Multi-scale modeling scheme 
The scheme of multi-scale semiconductor heterostruc-

ture modeling was developed in Dorodnicyn Computing 
Centre of RAS. The scheme is shown in Fig.1. 

Three significant scale levels are taken into account. 
On the atomic level the system is described using crystal-
lographic information and ab initio calculations performed 
in the framework of Density functional theory. First-
principles modeling allows to determine electronic struc-
ture and basic properties of heterostructure, define polari-
zation effects and calculate charge densities on the inter-
faces between layers. 

First principles calculations of the polarization proper-
ties of semiconductors AlN, GaN and AlGaN with wurtzite 
structures were performed in the framework of DFT using 
the Berry phase approach [6, 7]. DFT calculations were 
carried out using both the local density approximation 
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(LDA) and generalized gradient approximation (GGA) of 
exchange-correlation functional. Our calculations were 
performed using Vienna Ab-initio Simulation Package 
(VASP) [8, 9] based on pseudopotentials and a plane-wave 
basis set to solve the Kohn–Sham equations with periodic 
boundary conditions. The results of these calculations were 
presented in our previous paper [10]. The values of the 
spontaneous and the piezoelectric polarization and the pie-
zoelectric constants were calculated for these nitride com-
pounds.  The obtained values of the spontaneous and pie-
zoelectric polarizations allowed to calculate the bound in-
terface charge densities were calculated for AlN/GaN, Al-
GaN/AlN, AlGaN/GaN interfaces. The obtained values of 
the bound charge densities at the different interfaces are as 
follows:(AlN/GaN) =  6.79·1013 cm-2; (AlGaN/AlN) = -
5.44·1013 cm-2; (AlGaN/GaN) = 1.35·1013 cm-2. 

 

Figure 1 Multiscale modelling scheme. 
 

The results of modeling on the atomic scale level is 
used in the nanoscale level model for the calculation of the 
charge carriers distribution in the heterostructure. At this 
level mathematical model contains the system of conjugat-
ed Schrödinger and Poisson equations. 
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here iE
 and 

)(riψ
 are energetic levels and corre-

sponding wavefunctions, )(rn - electron concentration, h

– Dirac constant, e   – electron charge, *m  - effective 

electron mass, FE  - Fermi level, )(rϕ - Coulomb poten-

tial, )(rV  - potential energy of a carrier, Ad NN ,
 - con-

centrations of donor and acceptor dopants, σ  - interface 

charge densities, δ  - delta-function, lz
- coordinates of 

interfaces, ε  - dielectric constant, Bk  - Boltzmann’s con-

stant, T - temperature. 
The use of the concept of electron effective mass al-

lows us to avoid the detailed consideration of the interac-
tion between electrons and nucleus. As a result it is possi-
ble to shift the view from atomic level to the nanoscale 
level of real heterostructures. The carrier density distribu-
tion across the multilayered structure and localization of 
the area of increasing concentration (2DEG) are of the 
most interest. 

Computational modeling is performed using finite-
difference approximation and subsequent solution of dis-
crete analogs. It is characteristic for the heterostructures in 
which quantum confinement is achieved via barrier layer 
doping that the Poisson’s equation contains distributed 
source. In wurtzite type structures spontaneous and piezoe-
lectric polarization appear. As a result there is charge con-
centration on the boundary between different layers. This 
leads to the localized sources and the need in high resolu-
tion of computational grid. 

Local computational procedures aimed to solve Schrö-
dinger and Poisson equations are integrated by global itera-
tive process which makes their solutions consistent. Com-
putational process can be described schematically as fol-
lows. The right part of the Poisson equation is calculated 
using the electron distribution information obtained at last 
iteration. New Coulomb potential and potential energy dis-
tribution are calculated. Schrödinger equation is solved us-
ing this information. As a result significant energy levels 
and corresponding grid wavefunctions are obtained. They 
are used to calculate new distribution of electron concen-
tration in the system. The process is repeated until conver-
gence is achieved. Convergence of iterative process is reg-
ulated by relaxation parameter. Strong link between equa-
tions is characteristic for this class of problems. This leads 
to the problem of convergence of the iterations. It is neces-
sary to use under-relaxation with rather small relaxation 
parameter to achieve convergence.  To improve conver-
gence process we apply the approach based on the local 
approximation of implicit dependence of carrier concentra-
tion on the potential [11]. It is of the form: 










 −+−+≈ ∑ )
)(

exp(1ln)(
)(

2

*
*

Tk

eEEm
Tkn

B

k
iF

Bi
i

i
ϕϕ

π
ψψϕ

h

 (5) 

here 
)(kϕ  - potential, obtained on the previous itera-

tion of the global process.  
This leads to the modified Poisson equation with explicit 
nonlinearity: 
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To solve modified Poisson equation the linearization is 
used in the form: 
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In Fig. 2 the convergence of iterative process typical 
for heterostructures under consideration is illustrated. 
Shown are results for the case thoroughly analyzed below. 
Сurve 1 here corresponds to the under-relaxation method, 
curve 2 corresponds to the local approximation of carrier 
concentration as a function of potential (under-relaxation is 
not required in this case). It can be seen that the accelera-
tion of convergence is significant, in this particular case 40 
iterations as opposed to more than 200 iterations. 
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Figure 2 Convergence of global iterations. 
 
 

Because it is necessary to solve Schrödinger and Pois-
son equations at each global iteration the efficiency of 
computational process to a large extent depends on the ef-
fectiveness of the algorithms of their solution. Therefore 
accounting of the positions of significant energy levels is 
very important. According to Fermi-Dirac statistics the 
electrons on the lowest energy levels contribute to the in-
creasing of carriers concentration in 2DEG. Information 
about the lower limit is obtained during the Poisson equa-
tion solution on current iteration. Consequently the bisec-
tion method in combination with inverse iterations are ef-
fective for the Schrödinger equation solution.  

Numerical experiments have shown that our approach 
provides high efficiency on rather fine grids for both dis-
tributed  and localized charge sources.  

The data obtained as a result of self-consistent solution 
of Schrödinger and Poisson equations is used in the next 

scale level model. In this model the calculation of carrier 
mobility  is performed. The wide range of scattering mech-
anisms are taken into account: scattering on optical and 
acoustical phonons, on heterostructure roughness, on 
charge centers and dislocations, piezoelectric scattering. 

3 Modeling results 
As an example of an approach under development let 

us consider the modeling of semiconductor heterostructure 
[12], grown by vapour deposition method (Fig.3, taken 
from [12]). The combination of barrier layer doping (area 
source in Poisson equation) and uncompensated interface 
charge because of spontaneous and piezoelectric polariza-
tion (localized sources) is typical for this kind of structure. 
GaN layer on the surface of barrier layer prevents it's oxi-
dation. AlN layer accounts for the decrease of alloy scat-
tering which only exists  in ternary alloys and alloys con-
sisting of more than three components. As a result the elec-
trons which penetrate the barrier because of the existence 
of density of states tail under the barrier with finite height 
do not scatter on the alloy potential. Input data for calcula-
tions were taken from [12]. 
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Figure 3 Semiconductor heterostructure [12]. 
The following values of charge density on interfaces are 
achieved as the results of our calculations: 

)/( AlNAlGaN
e

σ
= - 5.71 см-2, 

 
)/( GaNAlN

e

σ
= 6.79 см-2 , 

 
)/( GaNAlGaN

e

σ
= 1.08 см-2. 

The results of self-consistent solution of Schrödinger 
and Poisson equations obtained using data from ab initio 
modeling are shown on fig. 4-5. Curves labeled 1 (related 
to the right scale) on the (a) figures demonstrate electron 
concentration distribution over the thickness of the hetero-
structure, while curves labeled 2 (left scale) demonstrate 
the potential energy profile. Horizontal dashed lines indi-
cate two lower electron energy levels. (b) figures demon-
strate corresponding electron wavefunctions. Results de-
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picted on the Fig.4 are obtained by ignoring the conduction 
bands shift between AlN and AlGaN. Results on the Fig.5 
are obtained with taking this shift into account. The small 
discrepancy in the behavior of wave functions and carriers 
concentration distribution in the vicinity of heterointerface 
is noticeable. Taking into account of the shift leads to the 
less prominent penetration of barrier layer by electrons. At 
the same time the difference between total electron con-
centrations in 2DEG is negligible – about 1%. Obtained 
concentration (1.02*1013 см-2) is in a good agreement 
with experimental data [12]. 
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Figure 4a Electron concentration and potential energy distribu-
tion over the heterostructure. 
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Figure 4b Wave functions. 
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Figure 5a Electron concentration and potential energy distribu-
tion over the heterostructure. 
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Figure 5b Wave functions. 

 
It is worth mentioning that the first wave function on 

Fig.4 (and especially on Fig.5) is in a good agreement with 
a well-known analytical Fang-Howard function [13] 

( ) ( ) ( )2exp2
213 bzzbz −=ψ  (dashed curves on the (b) 

figures). 
Energy levels and corresponding wave functions ob-

tained from the self-consistent solution of Schrödinger and 
Poisson equations are used to calculate electron mobility in 
the  direction length-wise with respect to the heterointer-
face.  It is necessary to take into account different scatter-
ing mechanisms. We use well-known formulas for the scat-
tering rate and the Mattiessen's rule which allows to deter-
mine the total relaxation time and electron mobility using 
the rates of different scattering mechanisms [12, 14, 15]. 
The results of the comparison of calculated and experi-
mental data are shown on Figures 6 and 7. Mobility de-
pendences on carrier densities in 2DEG at different tem-
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peratures and mobility dependence on temperatures at con-
centration 1013 cm-2 are proposed. It is clear that the appli-
cation of fitting procedures is necessary here because some 
of the parameters (e.g. dislocation concentration, interface 
roughness data) are not directly measured. Nevertheless 
the implementation of fitting at one point (at one tempera-
ture and at one concentration) allows us to reproduce ex-
perimental dependences at the temperature and concentra-
tion ranges under consideration. 
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Figure 6a Dependence of mobility on concentration at 300 К 
temperature. 
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Figure 6b Dependence of mobility on concentration at 77 К 
temperature. 
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Figure 7 Dependence of mobility on temperature. 
 

4 Summary The computational multi-scale scheme 
for semiconductor heterostructure properties modeling is 
presented. The data obtained from atomic level calcula-
tions is used in the nanoscale level calculation of the carri-
ers distribution in the heterostructure. And on the next step 
the electron mobility is calculated with respect to a wide 
range of scattering mechanisms. Obtained results are in a 
good agreement with known experimental results. 
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